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Stochastic Modeling of Calcium in 3D Geometry
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ABSTRACT Release of inflammatory mediators by mast cells in type 1 immediate-hypersensitivity allergic reactions relies on
antigen-dependent increases in cytosolic calcium. Here, we used a series of electron microscopy images to build a 3D recon-
struction representing a slice through a rat tumor mast cell, which then served as a basis for stochastic modeling of inositol-
trisphosphate-mediated calcium responses. The stochastic approach was verified by reaction-diffusion modeling within the
same geometry. Local proximity of the endoplasmic reticulum to either the plasma membrane or mitochondria is predicted to
differentially impact local inositol trisphosphate receptor transport. The explicit consideration of organelle spatial relationships

represents an important step toward building a comprehensive, realistic model of cellular calcium dynamics.

INTRODUCTION

Activation of mast cell IgE receptors (FceRI) by allergens is
the underlying mechanism of type I hypersensitivity
reactions (1). Secretion of histamine and other preformed
inflammatory mediators is dependent on the increase of intra-
cellular calcium, mediated by release from the intracellular
endoplasmic reticulum (ER) stores and the secondary influx
of extracellular calcium (2). Signaling is initiated by antigen-
induced IgE receptor aggregation, followed by Lyn-medi-
ated phosphorylation of immunoreceptor tyrosine-based
activation motifs and recruitment of the tyrosine kinase
Syk (3). Phospholipase Cy (PLCy), an important down-
stream target of the FceRI signaling cascade, is upregulated
by both tyrosine phosphorylation and allosteric activation by
products of PI 3-kinase (4). PLC catalyzes the hydrolysis of
phosphatidylinositol(4,5)P,, producing diacylglycerol and
inositol trisphosphate (IP3). IP;, in turn, activates IP;R
calcium channels localized in the ER membrane, thus
causing release of calcium from the ER store and increase
in cytosolic calcium concentration. The decrease in the ER
luminal calcium concentration is then sensed, with an impor-
tant contribution from the STIM family of proteins (5), and
signaled to plasma membrane store-operated calcium
(SOC) entry channels (6), which mediate the influx of extra-
cellular calcium. Orail proteins have recently emerged as
candidates for the SOC channels (7). A number of mecha-
nisms limit the duration of the calcium signal, including
1), ER and cytosolic buffering proteins; 2), calcium pumps
and exchangers at the plasma and ER membranes; and 3),
buffering by mitochondria.

The complexity of calcium signaling has provided a rich
background for mathematical modeling (for review, see
Schuster et al. (8)). Deterministic models have provided
fundamental insights, many focused on specific details (9).
Integration of calcium responses into the modeling of intra-
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cellular signaling networks is a more recent challenge. One
such initiative is the Virtual Cell project, capable of placing
receptor-initiated calcium signaling within a simplified cell
geometry (10). Our own focus is aimed at a finer scale of
spatial organization, based upon the hypothesis that the
heterogeneity in cell structure and organization among indi-
vidual cell types may have significant impact on intracellular
calcium handling. We also consider calcium handling to be
ideally suited to stochastic modeling, since there are rela-
tively few (tens of thousands) calcium ions in the cytoplasm
of resting cells.

Although the ER forms one continuous intracellular
membrane network (11), it harbors many specialized
domains. The three classical ER compartments (nuclear
envelope, and rough and smooth ER) are easily recognizable.
In addition, the ER includes special areas of close contact
with intracellular organelles that differ in their composition
from the rest of the ER (12). These so-called membrane
contact sites (MCS) have been implicated in the trafficking
of lipids, phagocytosis and calcium signaling (13).

In a previous study (14), we used a hybrid reaction-diffu-
sion model to evalute calcium release from clustered and un-
clustered IP; receptors (IP;Rs). A meshed 3D reconstruction
of the ER was used as the underlying geometry, with
opening of the IP3R as the sole stochastic element. Here
we extend this study by considering the ER’s proximity to
both the plasma membrane and mitochondria. Our aim was
to develop computationally frugal methods to evaluate the
importance of considering complex intracellular geometry
in models of cell signaling. First, we determine how diffu-
sion of particles within compartments is limited by the geom-
etry of organellar membranes. Next, we present a fully
stochastic model of IP;-mediated calcium release. The
stochastic model includes key early steps in the process,
including IP; synthesis and degradation, diffusion away
from the source, and reaction with IP; receptors. Calcium
uptake by individual mitochondria is explicitly considered,
in preference to the usual treatment of mitochondria as
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FIGURE 1 RBL-2H3 3D reconstruction. (A) Tilt series
of electron microscopy images. (B) 3D reconstruction.
(C—F) Details showing portions of the endoplasmic retic-
ulum closely approaching the plasma membrane (C and
E) and mitochondria (D). (F) ER-plasma membrane contact
sites. Note the transition from the rough to smooth char-
acter of the ER as it comes closer to the plasma membrane
(arrow).

a simple immobile buffer. Results in the stochastic model are
confirmed by partial-differential-equation (PDE)-based reac-
tion-diffusion simulations within the same cellular geometry.
PDE simulations were also used to efficiently evaluate the
effect that nearby organelles have on [P3;R-mediated release.

MATERIALS AND METHODS
Tomography and organelle reconstruction

Rat basophilic leukemia (RBL-2H3) cells were cultured on tissue culture
grade plastic in minimal essential medium (Gibco, Gathersburg, MD) sup-
plemented with 15% fetal calf serum (HyClone, Logan, UT), penicillin-
streptomycin and L-glutamine. Cells were fixed with 2% glutaraldehyde
in 0.1 M sodium cacodylate buffer, then lifted from plastic dishes by the
addition of propylene oxide (15) and processed for Epon embedding as
described by Pfeiffer et al. (16). Blocks were stained with uranyl acetate
and cut as 1.0-um sections with a Leica Ultracut S microtome. Sections
were mounted on 75 mesh clamshell grids and further stained for 15 min
with 2% uranyl acetate and 2 min with Sato lead solution, then carbon-
coated. Before imaging, sections were dipped in 10 nm colloidal gold
suspension (Sigma, St. Louis, MO) to provide markers for tilt series align-
ment. Samples were imaged in a 400EX (Jeol, Peabody, MA) intermediate
high-voltage electron microscope (National Center for Microscopy and
Imaging Research (NCMIR), University of California, San Diego). Before
image capture, samples were exposed to the beam for 45 min to preshrink
the specimen and prevent further deformation during the tilt series capture.
Photographic images were captured at 0.6° and then digitized at 14 bits
with a Photometrics CH250 CCD camera. Image alignment and back
projection were performed with XFido software (NCMIR). Tracing, 3D
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reconstruction, and meshing were performed using the IMOD 3.5.3
program (University of Colorado Laboratory for 3D Electron Microscopy
of Cells, Boulder, CO).

Programming and computer analysis

Computer programming was performed in MATLAB (The Mathworks,
Natick, MA). Simulations were performed using a personal computer or,
when needed, on a cluster of Linux-based computers. The 3D reconstruction
was converted into bitmaps with a voxel size of 28 x 28 x 3.33 nm (or detail
size of 5 X 5 x 3.33 nm) and color coding for individual organelles. These
images were then converted into an integer-value matrix that was used in
further calculations. Detailed descriptions of algorithms and strategies for
parameter estimation are given in the Appendix.

RESULTS AND DISCUSSION
3D reconstruction of an RBL cell

A tomographic tilt series of electron microscopy images was
taken from a 500-nm-thick section through the nuclear
region of an RBL-2H3 cell stimulated with IgE plus antigen
(1 ug/ml DNP-BSA) for 5 min (Fig. 1 A). Of these, a slab of
133 nm (~1.4% of the cell volume) was used for 3D recon-
struction (Fig. 1 B). Table 1 shows the percent distribution of
individual intracellular organelles in the reconstructed
volume, as well as estimated values for the whole cell. Since
the section crosses the nuclear region of the cell, nucleus
overrepresentation has been considered.
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TABLE 1 Organelle volumes

In Cell Volume (,um3) in  Volume in
Organelle reconstruction  estimate reconstruction cell (um?)
Nucleus 49.7% 35.5% 11.10 550
Mitochondria 3.6% 4.6% 0.80 71
ER 4.2% 4.9% 0.94 76
Cytoplasm 39.9% 51.1% 8.91 792

Details showing the spatial relationship between the ER
(aqua), plasma membrane (blue), and mitochondria (yellow)
are shown in Fig. 1, C—E. Note that there are several sites at
which the ER is within a very short distance (<50 nm) of the
plasma membrane. We estimate that in our 3D reconstruction
there are ~30 such contact sites, corresponding to ~1.5% of
the ER membrane area. Fig. 1 F provides a representative
view of these ER-plasma membrane contact sites (“‘cortical
ER”’), as imaged by ultrathin sectioning and transmission
electron microscopy. We noticed that sections of the ER
near the plasma membrane tended to widen (Fig. 1 C), with
a smooth appearance indicating lack of polysome attachment
(Fig. 1 F). These observations are consistent with the concept
that cortical ER is a specialized domain.
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To describe the morphology more quantitatively, we
measured the distances between individual organelles
(Fig. 2, A-C). Whereas the ER came very close to both the
plasma membrane and mitochondria, there were no contact
sites observed between mitochondria and plasma membrane.
The ER-plasma membrane distance histogram shows two
peaks corresponding to cortical ER (at ~150 nm) and the
nuclear envelope (at 1.1 um). This is consistent with similar
observations in many other cell types (11). Distances between
ER and mitochondria peak at ~0.3 um and between plasma
membrane and mitochondria at ~0.6 um. Fig. 2, D-F, shows
the probability that a diffusible second messenger released
from either plasma membrane (Fig. 2 D), endoplasmic retic-
ulum (Fig. 2 E), or mitochondria (Fig. 2 F) will encounter
the membrane of the other organelles at a given distance. To
accomplish this, the cell volume was considered as a matrix,
with voxel dimensions of 28 x 28 x 3.3 nm for whole cell
modeling and of 5 x 5 x 3.3 nm for detailed local models.
The probabilities shown represent the likelihood that a diffus-
ible particle will fall into a voxel designated as plasma
membrane, ER, or mitochondrial membrane, relative to the
distance from the source.
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FIGURE 2 Distribution of interorganellar distances. (A—C) Histograms of distances between the ER and plasma membrane (A), ER and mitochondria (B),
and plasma membrane and mitochondria (C). Note the presence of close contacts between the ER and the plasma membrane and the ER and mitochondria (A
and B) and their absence between the plasma membrane and the mitochondria (C). Note also the two peaks in A corresponding to the cortical ER and the nuclear
envelope. To calculate distances between organelles, we wrote a code that runs through all the voxels of a given cellular structure (e.g., the ER membrane A)
and computes their distance from the closest voxel of another structure of interest. (D—F) Graphs showing the probability of encountering certain organelles at
a certain distance in the cases where the signal starts at the plasma membrane (D), the ER (E), and the mitochondria (F). Again, the close contacts between the
ER and plasma membrane (D and E) and the ER and mitochondria are clearly visible. The code used to obtain these plots ran through all the voxels of a given
structure (e.g., the plasma membrane in D). There were 20,000 points positioned on 200 concentric spheres with radii ranging from 1 to 200 nm, each con-
taining 100 evenly distributed points. The center of these spheres was set into the center of the particular voxel’s surface, facing the cytosol. Each of these
20,000 points was then checked and assigned to a particular structure, depending on the value of the voxel they fell into.
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Intracellular geometry limits diffusion

Fig. 3 demonstrates how cellular geometry influences the
diffusion of particles within compartments, plotted as
mean-square displacement (MSD). Fig. 3 A shows the 3D
matrix used as a mask to define compartments. A stack of
these masks was assembled, using up to 80 thin slices to
create the 3D volume. Fig. 3 B illustrates a wave of particles
(10% stochastically released in silico from the plasma
membrane. These simulations were repeated at many sites,
and MSD values within each compartment were compared
to a theoretical value for free diffusion (Fig. 3, C—H). Results
show that diffusion is only slightly restricted in the cyto-
plasm (~85% of the theoretical value). In contrast, particles
diffusing within the restricted spaces of the ER and mito-
chondria are considerably restricted (MDS 25-30% of the
theoretical value). For simplicity, we chose diffusion coeffi-
cients corresponding to calcium ions (unbuffered and non-
reacting).
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Fully stochastic simulations of IP; production,
diffusion, and channel activation

Stochastic approaches are appropriate when concentrations
are low. This is the case for cytosolic calcium ions, particu-
larly in unstimulated cells where the resting concentration of
free calcium is ~100 nM. Fig. 4 illustrates this concept by
showing that the number of calcium ions present in the cyto-
plasm of a thin cell slice (~2 x 2 x 0.2 um) is <20. This
figure also illustrates how cell geometry is incorporated
into a fully stochastic approach to track calcium diffusion,
reaction, and transport processes. As in Fig. 3, an organelle
“mask” was based upon the original electron microscope
image shown here. Buffers and transport proteins were as-
signed to each organelle membrane or its aqueous compart-
ment.

Orange spots in Fig. 4 A show the approximate location of
diffusing free calcium ions, represented by a Gaussian point-
spread function around its original location and a time step of
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FIGURE 4 Use of EM images to define 3D environment for stochastic
modeling of calcium signaling. (A) Orange and blue spots show the random
cytoplasmic distributions of calcium ions and calmodulin molecules, respec-
tively, when superimposed upon the electron microscopy image used to
define cell geometry in the stochastic simulation space. Other components
of the model (transporters, calreticulin) are not shown for simplicity’s
sake. Slice thickness, 0.2 um. This figure is a snapshot of Movie S2. (B)
3D box geometry illustrating stochastic release of calcium ions from a single
IP;R located on one box side. (C) PDE solutions compared with stochastic

solutions for [Ca**T; averaged over a hemisphere centered at the channel
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10 us. Blue spots represent diffusing calmodulin molecules.
A movie illustrating the diffusive behavior of both calcium
and calmodulin, as well as calcium transport dynamics, is
provided (see Movie S1 in the Supporting Material). In the
movie, calcium spots occasionally disappear as they bind
to buffer proteins or enter organelles. The model was
designed in MatLab (see Appendix) and is easily adaptable
to new geometries based on electron micrographs. It should
also be applicable to 3D reconstructions acquired by
confocal imaging, which would permit capture of dynamic
details of organelle movements and shape changes.

In Fig. 5, we apply the stochastic model to a relatively
simple problem: the release of IP; at the plasma membrane,
its degradation and binding, and activation of the IP;Rs at the
ER membrane. Parameters for IP; production and metabo-
lism are shown in Table 2, and the simulation space is
increased to a 3D thickness of 266 nm by adding additional
layers of the original geometry. In brief, PLCy molecules
were placed at random locations at the plasma membrane,
at a density estimated from immunogold labeling values
reported for activated RBL cells in Wilson et al. (17) and
either 100% or 10% of the total PLCy was activated at
time ¢t = 0, a strategy that generated antigen-stimulated IP;
production rates similar to measurements reported in Smith
et al. (18).

RBL cells express only ~14,000 tetrameric IP;Rs (19),
each with a capacity for high conductance. Most of the
IP3Rs in RBL-2H3 cells are type II (70%), with only 10%
type I and 20% type III receptors (19). Depending on the
state of the cell, these IP;Rs can be either homogeneously
distributed in the ER or grouped together in clusters of
100-200 channels (14,19,20). For these simulations, random
or clustered channels were mapped on the ER geometry. For
IP3R type II transport, we modified the eight-state DeYoung-
Keizer model (21) to include a ninth state that results in more
realistic open and closed times and reflects the fast channel
kinetics (Fig. S1). The kinetic parameters were constrained
to reflect the properties of IP;R type II receptors (22). This
strategy is similar to the model described recently by Shuai
et al. (23). We tested the application of the stochastic
approach by comparing it to PDE solutions, using a simple
3D box geometry (Fig. 4 B and Movie S2). As shown in
Fig. 4 C, the results from PDE and stochastic approaches
are in good agreement.

Results shown in Fig. 5 A compare the total number of
IP3s bound to IP5R (left), as well as the total number of active
IP3Rs (four IPss bound per tetramer), in response to activa-
tion of either 10% or 100% of the PLCy membrane fraction.
We also evaluated whether clustering of the IP;R had
a significant impact on the binding of IP; diffusing through
the 3D simulation space. The impact of clustering, seen as

mouth (radius 500 nm). The smooth yellow line represents the PDE solution,
whereas other colored lines show the variability among many stochastic
simulations.
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slower activation due to local depletion of IP;, is small but
reproducible. For comparison, results using a compartmental
modeling approach are shown as a solid black line. The
stochastic simulation results, which are likely to be a more
accurate estimation of the process, predict slightly slower
binding kinetics.

Fig. 5 B illustrates the diffusion of IP;, synthesized by
PLCy located in the upper left quadrant of the plasma
membrane of the cell represented in the model (see Movie
S3). The time course for binding of individual IP; molecules
to clustered IP;Rs is represented by the series of images in
Fig. 5 C. In addition to diffusion, individual IP; molecules
in the simulation were subject to degradation at rates similar
to those found by Smith et al. (18). As expected, IP;R
clusters located close to the source of IP; production were
activated preferentially (Fig. 5 C).

Fig. 5 D and Movie S4 show another application of this
approach. We compared the effect of lowering the number
of IP;Rs from 14,000/cell (as measured experimentally) to
7000 tetrameric channels or raising the levels to 28,000 chan-
nels/cell. As expected, the number of IP;Rs influences both
the delay and the slope of cytosolic calcium concentration
increase. The geometry (TEM image of an RBL cell) used
for this simulation is shown in Fig. 5 D (thickness 100 nm).
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diffusion, and channel activation in
a 3D stochastic model. (A) Comparison
of compartmental and stochastic
modeling of IP; release from the plasma
membrane and its binding to IP;Rs in
the ER. The stochastic simulation was
based upon a fractional 3D cellular
geometry with a depth of 266 nm. (B)
IP; molecules released by phospholi-
pase C diffuse from the plasma
membrane and bind to the IP3Rs in the
ER (see also Movie S4). (C) When all
four IP;R subunits are in the activated
state (i.e., with bound IP3 and calcium
at their activation site and no calcium
at the inhibitory site), the channels
open and release calcium. (D) Results
of varying the number of IP;Rs from
7000 to 28,000. This simulation was
based upon a more complete cellular
geometry (image at right) and a depth
of 100 nm.
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Simulations predict that mitrochondria nearest
to clustered IP;Rs respond quickly to take up
calcium

Although it has long been recognized that mitochondria have
a significant buffering capacity for calcium, most mathemat-
ical models of calcium dynamics do not consider them
explicitly. In the geometric reconstruction, mitochondria
are revealed as discrete organelles that are often surrounded
by the ER membrane (Fig. 6 A). In Fig. 6, C and D, we use
the spatial stochastic model to explicitly consider the prox-
imity of individual mitochondria to clustered IP; receptors
in the ER (see Movie S5 for a sample simulation). For
comparison, results of PDE-based simulations within the
same geometry are also shown (Fig. 6, B and D, and Movie
S6). A full description of our simplified mitochondrial model
is provided in the Appendix; it is based upon the work of
Magnus and Keizer (24) and incorporates a representation
of the mitochondrial uniporter activity, as well as the exten-
sive buffer capacity of the mitochondrial matrix.

Portions of five mitochondria are within the simulation
space. Two clusters of type II IP;Rs were placed on discrete
sites in the ER membrane. In both simulation approaches,
five and three channels in two clusters were opened deter-
ministically and free calcium concentrations in both the
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Parameter Symbol Value Source
Initial conditions
Resting [Ca®*]in cytosol Cacy o 75 nM Mean of (53-57)
Resting [Ca®"] in ER Cag o 500 uM 57)
Resting mitochondrial [Ca*"] Capit o 0.61 uM (58)
Mobile buffers
Calreticulin Totger o 0.175 mM This study (Western blotting)
Calmodulin Totgeyt o 21.9 uM This study
Mitochondrial buffer Totgmit 5 mM 35)
ER membrane potential Vi, ER 0 mV
Resting IP; 1P; 20 nM Balance (also similar to (59) and (60))
Diffusion coefficients
Calcium in cytosol Dea_cyt 223 um?/s 61)
Calcium in ER lumen Dey er 223 um?/s Unknown, equalled to cytosol
Calcium in mitochondrial matrix Decy mm 223 ,umz/s Unknown, equalled to cytosol
Calmodulin in cytosol Dgey 0.25 um?*/s (62)
Calreticulin in ER Dger 1.3 umz/s (Snapp, E. L., personal communication)
Mitochondrial buffer Dinit_bur 8 ,umz/s (35)
IP; in cytosol Dips 283 um?/s 61)
FLUXES
ER leakage Jer leak
Shutoff threshold Jer leak_off
Balances SERCA + IP;R flux under resting conditions 7% resting [Ca* e 43)
SERCA
Number of SERCA pumps/cell 1,600,000 (14)
SERCA2b/SERCA3 ratio 1:1 41)
SERCA2b K, Ksercazb 0.27 uM 42)
SERCA3 K, Ksgreas 1.1 uM 42)
SERCAZ2b turnover rate Vsercazb 457! (42)
SERCA3 turnover rate Vsercas 125! 42)
Hill coefficient Hggrea 2 42)
PMCA
Maximum overall rate Vemca 17.5 uM/s ([Ca®*Yy) fitted according to (49)
PMCA4b/PMCALD ratio Vemcaa/Vemcai 0.22 Estimate, based on (44)
K, for calcium (no CaM) Kpmcacal 7 uM (46)
K, for calmodulin Kpmca.camii 28 nM (46)
Factor for CaM activation fv_PMCA.Cam.1 2 (46)
Factor for CaM activation IK_PMCA,CaM, 1 72 (46)
K, for calcium (no CaM) Kpmcacaa 1.06 uM 45)
K, for calmodulin Kpmca.cama 9.8 nM (45)
Factor for CaM activation fVﬁPMCA,CaMA 1/0.24 (45)
Factor for CaM activation Sk _pMmcA.cama 1.06/0.16 45)
(in saturating CaM concentration) Kpmcacaa drops to 0.16 uM) 45)
NCX
Maximum rate VNnex 129 uM/s Fitted according to (49)
Ky Act 0.256 uM 47)
Basal NCX/basal PMCA activity ratio 0.33 (50)
K, for extracellular sodium KNaout 87.5 mM (63)
Membrane potential Vom —90 mV (64,65)
K, for extracellular calcium Kcaout 1.38 mM (63)
K, for intracellular calcium Kcain 3.59 uM @7
K, for intracellular sodium Kcain 12.29 mM “7)
Kgar 0.1 (63)
n 0.35 (63)
Extracellular [sodium] Nagy 138 mM
Intracellular [sodium] Naj, 14.763 mM (50)
PM leakage Balances PMCA and NCX at baseline [Ca].,
Mitochondria
Uniporter Viax Vinax.uni 1.875 uM/s ([Cap;il) 24)
K, for translocated Ca* Kuni, trans 19 uM ([Ca,y]) (24)
K for activating Ca®t Kuni, act 0.38 uM ([Ca.y,]) (24)
Activation cooperativity n_a 2.8 (24)
K4 for uniporter conformations L 110 (24)

(Continued)

Biophysical Journal 96(5) 1691-1706



1698

TABLE 2. Continued

Mazel et al.

Parameter Symbol Value Source
Offset for Ca** transport AW* 91 mV (24)
Mitochondrial calcium exchanger Vimax, mcx 16.3 nM/s ([Cap;l) (66)
Kuncx,ca 3.03 uM ([Capi]) (66)
Kincx,Na 9.4 mM ([Nacy]) (66)
IPsR channels (type 1T
Number of IP;Rs/cell nip3R 14,000 (14)
Maximal flux rate at resting Vipar 0.075 pA (36)
ER-cytosol Ca*" concentration gradient
IP;R model (see Fig. S1) modified DeYoung-Keizer modified Shuai
IP; binding ky 400 uM ' 57! 60 uM~'s™!
k_ 657" 095!
Ca* binding to inhibition site k> 02 uM 57! 02 uM ' s7!
ko, 0.049 57! 325!
IP; binding ks 400 uM 57! 5uM st
k3 391.28 57! 4571
Ca®" binding to inhibitory site ks 02 uM~!s7! 0.5s7"
ks 0.000758 s~ 0.036 uM ! 57!
Ca®" binding to activation site ks 20 uM st 150 uM ' 7!
k_s 1.268 57! 120571
conformation change ke 200 5! 540 s~
k_g 382571 80 57!
IP; dynamics
PLCy npLcy 148,000 (PLC,») Membrane associated (17)
15,000 (PLC,)) Membrane associated (17)
Resting PLC activity VeLco 0.4 uM/s (4,18)
PLC activity after activation VpLC max 0.86-10 uM/s (18)
PLC time constant TpLC 90 s (18)
K4 for PLC activation by Ca®* Kpic, ca 1.1 uM (18)
IP; degradation Vip3, deg 1.333 57! (18)
REACTIONS
ER buffer-calreticulin
Site C
Dissociation Kene 2 mM (33)
Capacity Scnc 20 mol Ca/mol (33,34)
Forward rate kency 1 x10°0M st Estimate based on ‘‘slower version”
of calmodulin
Site P
Dissociation Kecnp 10 uM (33)
Capacity Scip 1 mol Ca/mol B (34)
Forward rate Kenps 1 x 108M st Estimate based on ‘‘faster version”
of calmodulin
Cytosolic buffer-calmodulin
Site N
Dissociation Kcamn 2.6 uM 32)
Capacity SCaMN 2 mol Ca/mol (32)
Forward rate kcamn+ 1.6x10° M 's7! (32)
Site C
Dissociation Kcamc 1 uM (32)
Capacity SCaMC 2 mol Ca/mol 32)
Forward rate kcamcs 23 x 10°M ' s7! (32)
Mitochondrial buffer
Dissociation Kmit_buffer 5 uM 35)
Forward rate kit 108 M1 s™! (35)
IP; IP;R reaction
Forward rate kip3r1p3 400 x 105 M ! s7! (21)
Dissociation KIp3R_[p3 2 ,LLM (21)
Complex mitochondrial model (24) all
Resp. chain complex concentration Pres 0.4 nmol/mg protein
Equilibrium constant Kies 1.35 x 10'®
Mitochondrial NADH NADH,, 0.05 mM
Mitochondrial NAD* NAD*,, 9.95 mM
pHi-pHi, ApH -0.4
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TABLE 2. Continued
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Parameter Symbol Value Source
Ta 6.394 x 107"%s
rp 1.762 x 10~ %/s
r 2.077 x 107"
s 1.059 x 107%¢
AUy 50 mV
Voltage factor g 0.85
Fraction effective AY/ f 0.5
J1, 1eak conductance gn 0.2 nmol min~! mV~! mg protein~"
Pa 1.656 x 107%/s
Db 3.373 x 1077/s
Per 9.651 x 10~ 's
De2 4.845 x 1079
P 1.346 x 107%s
P2 7.739x1077/s
D3 6.65 x 107 '%/s
inner membrane capacitance Cito 1.45 x 107> nmol mV".mg protein"
H' ATPase concentration PFE 0.7 nmol mg protein~'
Equilibrium constant K, 1.71 x 10° mM
Mitochondrial ATP*~ ATP* ™, 0.05 ATP,,
Mitochondrial ADP?~ ADP? ™, 0.45 x 0.8 x ADP,,
Cytosolic ATP*~ ATP* 0.05 ATP;
Cytosolic ADP* ADP*"; 0.45 ADP;

nearby cytoplasm and mitochondria were tracked over time
(10 ms, where the typical open time for IP;Rs is ~5 ms).
The similarity of the results from the two approaches is
apparent in Fig. 6 D, where colored lines indicate the indi-
vidual mitochondrial increases in uniporter transport. In
both sets of simulations, only the three mitochondria closest
to the calcium release sites (Fig. 6 D, left, y axis) take up
calcium. There was very little change in free internal calcium
concentrations (<100 nM) in these three mitochondria
(Fig. 6 D, right, y axis).

Collectively, these data point to several important conclu-
sions: First, mitochondrial transport is not uniformly acti-
vated during a short, localized calcium response. Second,
the high buffering capabilities of mitochondria render the
average calcium concentration in the mitochondrial matrix
relatively insensitive to very transient events. However, we
expect that prolonged localized calcium release could under
similar conditions lead to significant differences in calcium
level between individual mitochondria (see also (25,26)).
Finally, although both spatial simulation approaches give
similar results, the random diffusive behavior of individual
calcium ions and range of variability for the response, can
be explored only in the stochastic model.

Proximity of IP;Rs to plasma membrane
and mitochondria membranes differentially
influences their open probability

Both the stochastic and reaction-diffusion geometric models
(above) show that cellular architecture can set the stage for
local and dynamic heterogeneities in ctosolic calcium
concentration. Therefore, we next evaluated how constricted

cytoplasmic spaces and the proximity to membranes with
different transporter species might influence IP;R open prob-
ability and resulting changes in local calcium concentration.
We used a very simplified approach, representing the channel
neighborhood as volume fractions of individual organelles in
a 1D PDE reaction-diffusion model with spherical symmetry.
Release from the channel was modeled using the equations

aC a,i *
aiy = D5y ViCeai + Y Pu + D _Jy/ (V)
J .

0B
ot

)

= D?kVZBik + Dy

Here, Cc,, represents calcium concentration within a given
compartment i (cytosol, ER, and mitochondria), B;; is the
concentration of free buffer £ (no calcium bound) within
a given compartment i (cytosol, ER, and mitochondria),
D* is the apparent diffusion coefficient (based on results
shown in Fig. 3), ®;, represents reactions between calcium
and the buffers, J;; represents fluxes (in mol/s) from compart-
ment j (cytosol, ER, mitochondria, and extracellular space
(ECS)) to compartment i, «; represents the volume fraction
occupied by a given organelle, and V represents the volume
of a particular spherical shell. All variables are functions of
r (radial distance) and, with the exception of «; and V, func-
tions of time. For details, see Appendix.

Fig. 7, A-H, shows the effect of cytosol volume in the
neighborhood of IP; receptors on calcium concentration in
the cytosol (A and E) and ER (B and F), and calmodulin
(C and G) and calreticulin saturation (D and H) during
IP;R activity. The plots show that steeper calcium gradients
are created in areas where [P receptors face narrow spaces
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(E-H) confined by neighboring membranes (see also
Fig. S2). These narrow spaces can be formed by involutions
of the ER itself or by proximity to the plasma membrane or
mitochondria. They also show that saturation can occur
much faster in constricted spaces.

We further considered the fact that the organelles of each
membrane themselves transport calcium at different rates.
The ER membrane contains the relatively slow SERCA
pumps, the plasma membrane effluxes calcium using plasma
membrane calcium ATPase (PMCA) pumps, as well as
sodium-calcium exchangers, and the mitochondrial
membrane takes up calcium through the efficient uniporter.
In Fig. 7, I and J, we compared local concentrations of
calcium (at a distance of 10 and 25 nm) near open channels,
located close to either the plasma membrane (red line) or
mitochondria (green line), or far from both organelles. Chan-
nels were manually opened at time ¢ = 0 and left open for
several milliseconds (1 ms shown), on the order of the
typical open dwell time of an IPzR (27,28). Simulations
were performed for >1000 channel locations; to meet the
“close’” criterion, the channel had to fall within 75 nm of
another membrane. Results show that the levels of local
calcium were slightly higher in tight spaces between the
ER and the plasma membrane. It is worthy of note that the
efficient uptake of calcium by mitochondria translated to
the lowest average cytosolic calcium values, despite the
narrow spaces between ER and mitochondria. Fig. 7 J shows
that the local environment also affects the rate of ER
emptying: lumenal ER concentrations near channels deplete
to a larger extent if the IP;Rs are near the transport mecha-
nisms operating in plasma membrane or mitochondria.

These differences due to the local environment also have
strong implications for feedback regulation of the IP;R.
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FIGURE 6 Spatial inhomogeneity during IP;R activity.
Local domains of high calcium concentration result in
much higher activity of transport mechanisms/buffer satura-
tion in close vicinity to the channels. (A) Mitochondria-rich
section of the 3D reconstruction. (B) Cytosolic calcium
concentration after release from two IP;R clusters with
five (left)y and three (right) active IP;Rs. PDE-based
approach (model 2) was used. (C) The same experiment
using the stochastic model. (D) Mitochondrial uniporter
activity (assuming half-maximum activity at [Ca®*], = 19
uM) at various sites of the mitochondrial membrane (at
time ¢ = 4 ms), expressed as a percentage of the maximal
uniporter activity (left y axis). (Upper) Stochastic solution;
(lower) PDE solution. Also shown in the lower plot is the
increase in mitochondrial matrix calcium concentration
(right y axis, also at t = 4 ms), with ordinates as numbered

0
5 0
0 areas of mitochondrial membrane.

Using the nine-state IP;R model, we found that under these
conditions, channels located close to mitochondria have
slightly lower opening probability (15 = 3%) than channels
far from mitochondria (24 *+ 6%) (see also Fig. 7, K and L)
resulting in reduced depletion of calcium from the ER.

DISCUSSION

The problem of using simplified local microdomain geom-
etry in a large-scale calcium model has been approached
by others (9). However, due to extensive computational
requirements, most models of intracellular signaling do not
take complicated intracellular geometries into account.
Here, we report several methods for incorporating detailed
cellular geometry into mathematical models. These methods
are computationally frugal and can be performed on
a personal computer or small cluster.

In the simplest approach, we measured the range of
distances between cellular membranes and calculated the
probability that particles diffusing from one cellular organelle
encounter the membrane boundary of another organelle at
a given distance (Fig. 2). We also show the possible effect
of local calcium microdomains on overall calcium concentra-
tion and activity of various transport mechanisms (Fig. S3).
These effects could be incorporated into compartmental
models for improved spatial representation (see Appendix).

Recently, a hybrid stochastic-deterministic approach to
IP3R channel dynamics has been used to study IP;R-medi-
ated calcium blips (29) and puffs (14). Our reaction-diffusion
model incorporates the hybrid approach to 1), explore the
effects of fine-scale geometric features, such as the proximity
of the ER to mitochondria, on localized channel activity;
and 2), provide a validation strategy for stochastic modeling
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FIGURE 7 Influence of local environment on IP5R channel activity. Calcium release from a stochastically gated type II IP;R was modeled using a 1D PDE
model and organellar volume fractions (Fig. S2). (A—H) Graphs comparing results for two spatially discrete channels, one in an average location (A—D) and one
facing a narrow space formed by an ER fold (E-H). A and E compare the nearby changes in cytosolic calcium concentration; B and F report the nearby ER
lumenal calcium concentration; C and G report calcium binding to calmodulin; and D and H report calcium binding to calreticulin. Individual traces represent
local concentrations at 20 (blue) and 50 nm (green) from the center of the channel mouth. The resulting increase in cytosolic calcium concentration and calmod-
ulin saturation was much higher in the restricted space. (/ and J) IP;R locations in the ER membrane were randomly assigned. The volume fraction occupied by

»

nearby organelles was used to define three categories: “‘close to mitochondria™, “close to plasma membrane”, or ‘““far from either organelle”. The cutoff
distance for the close categories was ~75 nm. The IP;Rs were manually opened at # = 0 and left open for 1 ms, and the time courses of calcium concentration
in the cytosol (/) and the ER (/) at 10 nm (solid lines) and 25 nm (dotted lines) from the center of the channel were plotted. (K) Typical ER calcium concen-
tration traces for a channel located at a location far from mitochondria and plasma membrane (blue) and a channel close to mitochondria (green) 50 nm from the
center of the channel mouth. Note that opening of channels close to mitochondria resulted in a more pronounced decrease in ER calcium, but due to lower
opening probability, the overall release was reduced. (L) Mean (= SE) ER calcium concentration at various distances from the IP;R channel mouth during
100 ms of IP3R channel activity.

within the same geometry. PDE approaches are also applied adapted to the unique geometries of individual cell types.
within a simplified geometric context to explore whether = Large-scale stochastic simulations of calcium dynamics
localized IP3R activity leads to calcium gradients in the have already been performed by Yi et al. (31), but they lack
cytosol and ER lumen. This approach demonstrates that the details of intracellular architecture. We show how arecon-
release of calcium from IP;Rs very near to the plasma structed cell slice, based upon an electron tomography tilt
membrane transiently generates high local concentrations series, can easily be traced to serve as the template for spatial
in the restricted cytosolic volume. In contrast, when IP;Rs stochastic modeling. This technique should also be applicable
face mitochondria, the efficient uniporter uptake limits the  to more traditional serial ultrathin sections imaged by trans-
elevation of calcium in the tight space between the two mission electron microscopy (TEM) or to stacks of images
organelles (Fig. 7 I). In both cases, there is a steeper loss acquired by confocal microscopy. We demonstrate the capa-
in ER lumenal calcium near the transporting IP;R channel bilities of this model by simulating local IP3 generation and
(Fig. 7 J) than in case where the IP;R is far from both organ- diffusion from a region of the plasma membrane, local activa-
elles. We also estimated the implications of tight space upon  tion of IP3Rs nearest the site of IP; production, and variations
feedback regulation of the IP5 receptor. Using the nine-state predicted by changes in receptor expression levels. This
IP3R model, we found that channels located close to mito- approach should be particularly powerful for educational
chondria would have a slightly lower opening probability purposes, since it permits computer-based visualization of
than channels far from mitochondria, resulting in reduced molecular behavior but remains solidly based upon biophys-
depletion of calcium from the ER. This result agrees with ical and mathematical principles. The stochastic approach is
the findings of Hajnéczky et al. (30). also well suited to analysis of experimental data from

Most notably, we report the development of a stochastic single-cell calcium measurements, which display consider-
spatial model of cellular calcium responses that can be easily able variability.

Biophysical Journal 96(5) 1691-1706
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APPENDIX

Introduction

Sections in this appendix provide details about the mathematical approaches
applied in this work. Both the fully stochastic and hybrid PDE-based reac-
tion-diffusion models (where only the IP3R handling is stochastic) use the
same basic set of parameters (Table 2) that incorporate the cytosol, the endo-
plasmic reticulum, the plasma membrane, and mitochondria. Compartmental
modeling used for parameter estimation is also described.

3D stochastic model of IP; release, diffusion,
reversible binding, and degradation

This model is conceived as a fully stochastic reaction-diffusion geometric
model. Our program reads bitmap images or their stacks, interprets the bit-
map values as belonging to a certain organelle (see the color coding in
Fig. 3 A), populates the organelles with given species, and handles their
diffusion, reactions, and membrane transport mechanisms. Diffusion was
modeled using 0.01- to 1-us time steps, and the MATLAB randn function
(normally distributed random number generator):

0.5
d; = randn x (2Ddr) (A)
)
d; = dx,dy,dz

where dt is the time step used in the simulation and d; is the particle’s
displacement.

In case the molecule left the cytosolic compartment, a new set of random
numbers was generated.

To compute the forward reaction occurrence, the diffusive species
(calcium or IP3) matrix was replaced with a matrix where each molecule
was represented with a ““point-spread function” concentration matrix:

_ ! 7 \a (A2)
(47Dr) "/2 P\ " ape )

where N is the number of particles; r is the radial distance from the original posi-
tion; D is the diffusion coefficient; 7T is the time step used; and d is the number
of dimensions of the system. If time steps were short enough (<1 us) that most
of the concentration was inside one voxel, this recalculation was not necessary
and the original (“1 voxel per particle”) matrix was used instead.

The reactions were then considered to occur if rand < k;7*C;*C;*dt. Care
was taken to have the time step df short enough that k;*C*C*dt << 1.

Transport mechanisms (used in Movie S2) were modeled so that the bind-
ing sites (for SERCA and PMCA pumps and IP;R regulatory sites) were
located in the voxel adjacent to the pump/receptor in a particular membrane.
Again, this was recalculated to concentration (in mol/l) in the given voxel.

In the case of Fig. 5, simulations were repeated many times (typically
10-100 cycles). For each cycle, the PLC molecules and IP; receptors
were distributed randomly in the plasma and ER membrane, respectively.
In a subset of experiments, the IP;Rs were clustered (10—100 receptors/
cluster). Released IP; molecules were then allowed to diffuse in the cytosol
and bind to the IPsRs.

Hybrid model for IP;R dynamics in the PDE
geometric model

We developed a hybrid model combining stochastic IP;R dynamics and its
regulation by released calcium with a deterministic PDE model of calcium
diffusion, buffering, and transmembrane transport.

For simplicity, the model was conceived as a spherically symmetrical 1D
(radial) PDE model where the neighborhood of the channel was mapped into
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organelles and intracellular compartments and represented as their volume
fraction that varied with radial distance (see Fig. S2). We started with the
same equations and parameters as for the compartmental model. The fluxes
were adjusted to the spherical symmetry of the model and the diffusion terms
were included. The IP;R current represented the boundary condition (for
r—0). Other fluxes were adjusted in the following manner:

o

ij,mem,r

Jijr = Jj———,
al],mem cell

(A3)

where J;;, is the flux from compartment i to compartment j at a distance r
from the IP3R channel mouth; Jj; is the flux from compartment i to compart-
ment j in the compartmental model; @jj ,mem,r iS the ratio between the size of
the membrane and the volume of the spherical shell at distance r from the
channel; @;j ,mem,cen is the ratio between the size of the membrane and the
volume of the cell.

Parameter estimation based upon compartmental
modeling
Simulations were performed in a MATLAB compartmental model to estab-

lish the most probable set of parameters for individual transport mechanisms
(Fig. S4). The general approach is described by the equation

dff
R S Y

i = cyt,ER, mit;j = cyt, ER, mit, ECS

(A4)

Here, S; represents individual species (calcium or free calcium buffers)
within a given compartment i (cytosol, ER, mitochondria), ®; the reactions
between calcium and the buffers, J;; the fluxes from compartment j (cytosol,
ER, mitochondria, ECS) to compartment i, and V;, the volume occupied by
a given organelle.

Model details
Buffering reactions

Buffers in the ER and cytosol were represented by calreticulin and calmod-
ulin, respectively. Each of these protein buffers has two types of binding
sites with very different calcium-binding affinities (32-34), which are
included in our models. In the case of calreticulin, these sites are usually
referred to as “C”” and “P”’, where site C is the larger capacity site, which
can bind ~20 mol Ca”/mol protein. Site P, on the other hand, binds only
~1 mol Ca?*/mol protein (34). In the model, these sites are represented as
Bc,; and Bp,, (unoccupied sites) and TotBc,, and TotBp,, represent the total
concentration of the buffering sites. Calmodulin’s two binding sites (at the
N- and C-termini) are of the same capacity, 2 mol Ca?"/mol protein, and
again this capacity is reflected in the initial concentrations. Similar to the
ER buffers, these are represented as Bncy,, B¢y, and TotBny, and TotBc,y,.
For mitochondria, we considered a high-concentration buffer similar to that
used by Gerencser et al. (35) (B and TotB ;).
Our mass-action Kinetics reaction scheme is as follows:

Dcer_putter = —kenc+ (Cor X Beer) + kene— (TotBee
—kcrp+ (Cer X Bper) + kewp— (TotBpe
= Dpeer + Dpper-
Deeyt_puffer = —Kcamc + (Ccyt X BCey) +kcamc— (TOthcyt —Bcey)
—keav + (Ceyt X Bniey) +kcavin— (T01BRey— By, )
= (I)Bccyl + (I)Bncyl-
—kmit+ (Cmit X Bmit) + kmir— (TotB i

= Dpyc.

- Bcer)
- Bper)

(I)Cmit_buffer = - Bmit)

(AS)
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where Cera BCer, BPer’ Ccyv BCcyn BNcyt, Cmiu and Bmit represent the
concentrations of free calcium and unbound buffers in the ER, cytosol,
and mitochondria, respectively.

Membrane transport

The flux terms for calcium comprise the flux across the ER membrane,
JcaER_membranes the flux across the plasma membrane, Je plasma_membranes
and the flux across the mitochondrial membrane Jc, mitochondrial membrane-
The flux across the ER membrane is represented by the SERCA pumps,
the ER leak, and the IP;Rs. Plasma membrane fluxes include the plasma
membrane leak, the PMCA, and the sodium-calcium exchanger (NCX).
Calcium fluxes across the mitochondrial membrane are represented by the
uniporter current and the sodium-independent calcium exchanger (mCX).

JCaER_mcmbmnC = JER—>cyt = _cht—>ER = JERleak
+Jipsr — JsErca

Jcaplasma_membrane = JECS_'C)’l = _‘]Cyl—>ECS = JPMLE‘dk (A6)
—Jpmca — Inex-
Camiochondrial_membrane — mit—cyt — —Jeyimmit =Imex —Juni-
IP3 receptor channel flux
The IP3R is represented as
V[sz Ca . Ca oyt
Jipsk = —— X Gipag (t) X M (AT)
zF (Caer,() - Cacyt‘())

where Vipsr is the maximal IP;R channel flux at resting calcium concentra-
tion gradient ER-cytosol (0.075 pA (36)); Ca,, and Ca,, are the ER and
cytosolic calcium concentrations, respectively; and ¢psr describes the state
of the IP3R (¢p3g = 1 in the open state and ¢psgr = O in the closed state),
which changes according to the stochastic IP;R model used. Several IP;R
models were tested, including the DeYoung-Keizer (21), Fraiman-Dawson
(37), simplified Means (14), and the original Smith (18) models, as well
as that of Mak et al. (38). We adopted a modified DeYoung-Keizer model
(Fig. S1), which gives realistic open and closed times and reflects fast
channel kinetics. The kinetic parameters were constrained to reflect the
high affinity of IP;R type for IP3 (22,39,40). This nine-state approach was
also recently used by Shuai et al. (23).

IP3 dynamics

IP; dynamics was simulated in a manner similar to that of Smith et al. (18):

d[P3/dl = (VPLC,O + (VPLC,max — VPLC,O)(l _ e*(ffto)/rpr_c))
Cay,

X ———— — Vip3 el P3,
Kprcca + Cacy '

(A8)

where 1 is the time of activation, Vprc o and Vppc max represent the resting
and maximal PLC activity, respectively, 7p ¢ is the activation time constant,
V1p3,deq the speed of IP3 degradation, and /P the IP3 concentration.

ER membrane fluxes
SERCA pumps and the leak current

Two SERCA pump isoforms are expressed in RBL cells, SERCA2b and
SERCA3, roughly at equal levels (41). SERCA2b has a lower activation
threshold and is somewhat slower than SERCA3 (42). For simplicity, we
used the representation

1703

2
Cacyt
2 2
K3ereazn + Cagy,
2
CaCyt

2 20
KSgreas + Cagy,

JSERCA = VSERCAZb,max

(A9)

+ VSERCA3,max

where Vsgrca max 18 the maximal SERCA flux and Ksgrca is its Ky, (for the
individual isoforms).

The ER leak of calcium from the ER into the cytosol was constructed in
such a manner as to balance both the SERCA and the IP5R calcium current at
the experimentally observed baseline concentration of ER calcium. Overall,
we employ a linear-function representation of the concentration gradient
between the ER lumen and cytosolic calcium for luminal calcium leakage
into the cytosol, as follows:

JERleak - VERleak X (Caer - Cacyt) X ¢shutoff(caer)7
(A10)

where
1
Caer — Cacyt | pacline
Dshutofr (Caer) = H(Caer > KER leak_off)-

baseline ]baseline

Verteak = (Jsgrea T Jip3r and

The “baseline” sub- and superscripts indicate that the terms here are at the
initial values used for the respective concentrations and hence are constant.
Beecroft (43) observed that ER calcium efflux through the leakage mecha-
nism essentially shuts down when luminal calcium levels drop to ~7% of
baseline concentration. We represent this aspect of leakage via the ¢snurofr
(Ca,,) function, which is a Heaviside step function.

Plasma membrane fluxes

Plasma membrane calcium extrusion mechanisms are represented by PMCA
pumps and the NCX. The PMCA current was modeled using the following
equations (for parameters, see Table 2):

K" o n
JPMCA,i — VPMCAJ X f‘I«,i X Cagyt/ <% + Cacyl)
_ CaM
fii = (1 + (fV,PMCA,CaM‘i - 1) X m), (A1D)
fri (1 + (fK,PMCA,CaM‘i - 1) X ot

Kpmca,cam,i +CaM

where Jppcal is the calcium flux mediated by the individual PMCA iso-
forms; Vppmca,; the maximum flux mediated by the given PMCA isoform;
/1. the factor describing the increase in PMCA activity maximum due to
calmodulin; £, ; the factor describing the decrease in K,, for calcium due to
calmodulin; » the Hill coefficient; and Kpnmca.cam,i the Ky for calmodulin
binding for isoform i; i = 1,4 (isoforms 1 and 4).

There are four PMCA isoforms, with PMCA2/3 expressed mainly in
the brain. In our model we incorporated the PMCA1 and PMCA4 iso-
forms, as their presence in mast cells was suggested by the microarray
data of Jayapal et al. (44). There is controversy in the literature regarding
the kinetic parameters of individual PMCA isoforms. We used the param-
eters experimentally measured by Elwess et al. (45) (for PMCA4) and
Guerini et al. (46) (for PMCA1).

We have also included PMCA activation by calmodulin. Binding of
calmodulin both increases PMCA activity and decreases its Ky for calcium
(45,46). We incorporated both of these effects in the form of multiplication
factors (see Eq. All).

The NCX current was modeled using the following complex formula
(adopted from Shannon et al. (47)):
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1

1
Inex = 3 X VNnex X

(&)
1

1 + kgeMmDVonzr

where Jncx is the calcium flux through NCX, K the K, for intracellular
calcium at an allosteric site, Vycx the maximum NCX flux, Ky, ou the Ky,
for extracellular sodium, K, ;, the K, for intracellular calcium, K¢, oy the
K., for extracellular calcium, V the membrane potential, F the Faraday
constant, R the gas constant, 7 the temperature, Na;, the intracellular sodium
concentration, Na,,, the extracellular sodium concentration, Ca,y, the intra-
cellular (cytosolic) calcium concentration, Cay,, the extracellular calcium
concentration, 7 the position of the energy barrier controlling voltage depen-
dence of Jxcx, and kg, the saturation factor of Jycx at very negative poten-
tials.

Due to the lack of kinetic data for the various NCX and NCKX isoforms
expressed in RBL cells (48), we used the parameters given by Shannon et al.
(47) with the maximum rate adjusted using the constraints mentioned above
(49). For simplicity, we considered the sodium concentration and plasma
membrane potential to be constant. Extracellular sodium concentration
was set to a value roughly corresponding to the typical sodium concentration
in the serum, and intracellular concentration was set according to Rumpel
et al. (50).

The plasma membrane leakage of calcium into the cytosol from the
extracellular space was taken to balance the baseline PMCA + NCX activity.

baseline baseline
Jomeak = Vopea. + Viex - (A13)

Mitochondrial membrane fluxes

We slightly modified the original model of Magnus and Keizer (24). This
was referred to as the “minimal model”, which incorporates not only the
main calcium transport mechanisms but also H" transport, NAD, NADH,
ATP, and ADP changes and mitochondrial membrane potential. Parameters
were based on an extensive literature search (for review, see Gunter et al.

X {e”‘/f’"'RTNa Ca,,

3
Ca mNaom( + (%) ) + KI%Ja,oulcaCyt(l + qul) + KCa oulNai3n + Na?ncaout + I\Iagutcaﬁ}’t

(71 1) meRTNaoulcacy[}7 (AlZ)

Juni = Vmax,uni

3
Ca., Ca,,
. (1 + 7 ) 2F(AW—AW)
uni,trans uni,trans 7RT
4
2F(AW—AW)
Ca, L 1 —exp {7]
yt

<1 + K ) + n-a KT
uni,trans Ca
<1 . )

uni,act

X

(A14)

2
Ca,;, Nacyt

X 2
mll+KCXCd Ncyt+KCXNa
(A15)

-]mCX = max,mCX X
’ Ca

Here, Vinax.uni 1s the maximal current through the uniporter, K\; yrans the Ky, for
transported calcium; K\y,; o the Ky, for allosteric activation site, n_a the Hill coef-
ficient for the allosteric activation site; AW the inner mitochondrial membrane
potential; AW* the potential profile within the pore of the uniporter (24);
Vimaxmcx the maximal current carried by the mitochondrial calcium exchanger,
and Ca,y,; the free calcium concentration in mitochondrial matrix space.

To compute the changes in mitochondrial membrane potential, we used
the following equations provided by Magnus and Keizer (24). These equa-
tions take into account the respiration-driven proton pumps (Jy res), the
proton-driven mitochondrial ATPase that synthesizes the ATP (Jy 1), the
adenine nucleotide translocator (J/ant) and proton leak over the inner mito-
chondrial membrane (Jy jeak):

dAW
Cmitoi - _(_

i Jires + Jur + Jant + Jaeak + 2uni)

51). (A16)
S — 3605 10 exp(25) — [r, + rlexp(258%) AL
res rex[l ¥ rexp (FA‘“)}ex P (gGFA‘l—‘B) + [rz + rsexp (FAres)} exp (geFAlU)
Pa 103ApHexp(FAJ) L” 4 ph]exp(yﬂj)
Jup = —180 Al8
H,F1 Or1 [1 + plexp(FApl)]exp(SFA‘I—‘B) + [ D2 + P3exp (FAFl)}exp (3FA1U) ( )
ATP#~ ADP3- _FAW
The calcium transport mechanisms are described using the following ADP3 ATPI exXp ( RT ) (A19)

equations (for the mitochondrial uniporter and the calcium exchanger,
respectively):
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']ANT = Jmax,ANl [ ATP*

1+ ADP;,}C p(_"FW)} {1 +

ADP}~
ATP!-
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dADP,,
- Jant — JpFi, (A20)
t
where
K /NADH
Ars = RT/FIn <7 ’")
V/NAD
and
K. ATP
Ap = RT/Fln| —H2—" . A21
o / n(ADPm,freePi‘m> ( )

It should be mentioned that in our simulations, the membrane potential
changes had a negligible effect on the overall calcium dynamics and were
therefore omitted in the spatial models (only A14 and A15 were used).

For the stochastic simulations, many of the membrane transport mecha-
nisms were simplified: NCX and calmodulin regulation of PMCA were
omitted, and the mitochondrial uniporter was modeled using the equation
of Villalobos et al. (52):

J, v, Cacy (A22)
mi = Vmaxui X 55 5
v Cagyt + Kﬁni,[rans
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